§^ ; Addendum to "The Dirac-Coulomb Sturmians and the series 

"^ ' expansion of the Dirac-Coulomb Green function: application 

^ '. to the relativistic polarizability of the hydrogen-like atom" 

^ ; [J. Phys. B: At. Mol. Opt. Phys. 30 (1997) 825-61, 

^ ■ (E) 30 (1997) 2747] 

Q-^\ Radoslaw Szmytkowski 



O 



C/3 

o 

Ph. 



X 



Atomic Physics Division 
Faculty of Applied Physics and Mathematics 



Q ! Technical University of Gdansk 

•^ ; ul. Gabriela Narutowicza 11/12, PL 80-952 Gdansk, Poland 

^' 15-mail: radek@mif.pg.gda.pl 

r^ ; 

^' 19th February 1999 



Abstract 



> 

o, 

lO , Closure relations satisfied by the radial Dirac-Coulomb Sturmians are proved analytically. 

^^ . The Sturmian expansion of the Dirac-Coulomb Green function is transformed to the form 

V_4 ' containing only series with summations running over non-negative indices. The main paper 

was published in J. Phys. B: At. Mol. Opt. Phys. 30 (1997) 825-61 [Erratum: 30 (1997) 
2747], see also J. Phys. A: Math. Gen. 31 (1998) 4963-90 [Erratum: 31 (1998) 7415-6]. 
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1 Proofs of the closure relations 

In this section it is our goal to prove correctness of the foUowing closure relations satisfied by the 
Dirac-Coulomb Sturmians (equations (91) and (26) of Ref. m) 



E 



2 ^ V e-'T, 



-Irp /\ I ( i>nK{x ) TnK,[x ) ) — d[X — X ) I Q ^ 



and 



£ {-flT:!ix))(^-'-^^'^ T„.(x'))=^(.-x')(j ?) 



(1) 



(2) 



n— — oo 



In the proofs we shall use the following forms of the upper and lower components of the radial 
Sturmians (equations (60) and (61) of Ref. 0|) 



i'nK,(X) — 



-^ nK\'^ ) 



a(|7i|+27«)|n|! 



2eNnn{NnnTK)r{\n\ + 2j^) 

I a£(|n|+27,)|n|! 

/ 2iV„,(Ar„, T «)r(|n| + 27,) 



a.7«e-/2 



2,7»e-./2 



l(7«)(^) + ;ita^^(2..)^ )■ 

l"l-i^ ' |n| + 27, l"l ^ ' 

■ (27„), ^_^1T^^^ (27.). I 



(3) 



(4) 



(the upper signs should be taken for n > and the lower signs for n < 0; for n = one takes the 
upper sign if k < and the lower one if k > 0), the expression for the eigenvalue fin^ associated 
with the Sturmian ( Snuix) Tn^ix) ) (equation (52) of Ref. ||l|) 



and the well-known closure relation for the generalized Laguerre polynomials 

oo , 

n\ 



^^-{x+x')/2y^ 



T{n + 27, + 1) 



Li^'r-Hx)Li'''-\x')-Six-x'). 



(5) 



(6) 



Consider equation (m). It is equivalent to four relations 



a e 



y^ S'„„(x)S'„,(a;') = S{x - x'), 



n— — oo 



OO 



-z ^ T„k(x)T„,(x') = 6{x - x'), 

n— — OO 

—^ E SnK{x)Tn^{x') ^ 
n— — oo 



and 



y^ TnK{x)SnK{x') = 0. 



(7) 

(8) 
(9) 

(10) 



It is to be noticed that it is sufficient to prove relations ([7|)-(p|) since equation (nO) is an immediate 
consequence of equation (O). We start with the relation (R)^ Utilizing equations (0)^(0) we may 
succesively transform its left-hand side as follows 



/ ^ ^nK{X)OnH,\X ) 



a e 



X^ 



a(\n\+2-i^)\7i\ 



2 ^ 2eiV„„(iV„, T '«)r(|n| + 27,) 



2,7«2,'7«g-(2:+x')/2 



n— — 00 
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l"|-i^ ^ \n\ + 2j^ l"l ^ ; 






:2,7»2,'7«g-(a;+a:')/2 



E 



n— — 00 



(|n| + 27«)|n| 



iV„«(iV„«T'«)r(|n| + 27«) 



l"l-i^ ^ |n|+27« l"l ^ ^J [ l"l-i^ '^ |n|+27„ l"l ^ ' 



-_rjn,^rjJlK.Q-{x^x')l2 



E 



n— — 00 



(|n|+27«)|n 



(27»)/^^r(27J/^/^ 



^^ nK\^^ nn n^ 



«)r(|n| + 27,) l"|-i^^ l"|-i^^ 



n— — 00 

00 

+ E 

n— — 00 

00 

+ E 



V- (|n| + 27«)|n|! KTJVnK .(27.) . v.(27.)^ /^ 

e^ A^„«(^„K T A^)r(|n| + 27«) |n| + 27.'^l«l-i^''^'^l»l ^"^ ^ 



(|n| + 27«)|n|! KTJVnK (27.). ^(27.). /n 

Af„.(^nK T A^)r(|n| + 27,) |n| + 27, l«l ^"^^ l"l-i^ ^ 

(|n| + 27K)|n|! 



NuKiNnt, T 



27«)|n|! / kT^»« \ .(27.). x.(27»). m 

..)r(H + 27«)lH + 27j H ^^ H ^"^^ 



= i2;7»2,'7KQ-(a;+2;')/2 

4 



(|n|+27,)|n 



>r- u^I+^7kjF|: .(27.) / ^ .(27.) / /^ 

^^ iV„«(iV„« T «)r(|n| + 27.)'^l"l-i^'^^'^l"l-i^^ ^ 



n^ — cxD 



f-^ 7V„«r(|n| + 27«) H-1^ M«l ^ ^ 
^_ 7V„«r(|n| + 27J H ^ ^ l"l-i^ ^ 



n— — 00 



y (^»^T«)|n|! r(27.)(,)^(27.)(^,) 



n— — 00 



= Aa;')'»x''^~c"(^+^')/2 



;^^iV„«(7V„«~«)r(|n|+27,) l"l-i^ ^ l«l-i^ ^ 



V- (|n| + 27^)|n|! (27.) . ^(27.) . /n 



7i^ — CXD 



II 



V^ r"l- r (27.) /^^ r (27J /„/^ 



n=l 



^ Ar„«r(|n| + 27«) H-i^ M«l ^ ^ 



n— — 00 

00 

E 



AX"^^^) 



'^ 7V„,r(|n| + 27«) 

n— — 00 ^' ' ^ 

^ (A^nK^K)|n|! (27J (27„) . /x 

+ ^iV„«r(H+27. + l)^H ^"^^i"i ^"^ 



n=0 
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E 



{N +n)\n\l p ) (^)^(27.) (^,) 



:2,7»2,'7«g-(a;+2:')/2 



E 



(n + 27„)n! 






4 

OO 

^^ iV„«(iV„«, + «;)r(n + 27«) 



-^n-l (2^)-^n-l (^ ) 



Y^ nl 

^^ iV„«r(n + 27«) 



E 



-^ iV„«r(n + 27«) 



E 



-^ 7V„«,r(n + 27„) 






En! 
^^^ 7V„,r(n + 27,) 

^ iV„Kr(n + 27k + 1) 



-x'^"x''^"e"'^^+^'^/^ 



(n + 27«,)n! 



^^ Nn^{Nnn - K)r(n + 27«) 

^ (n + 27,)n! (27.) /^^ r (27.) //n 

,tt^nK(A^«« + '^)r(n + 27K) -^ ^^ "-^ ^^ 

£^0 A^nKr(n + 27« + 1) " ^ ^ " ^ ^ 

y ^^^il±^!l!^i(27»)(^)42^»)(^') 

^^ 7V„«r(n + 27« + 1) " ^ ^ " ^ ^ 



Ln-i {x)L^_l [x ) 



-x'^~x''^''e"^^+'^'^/^ 



^^ 7V„,r(n + 27,) 

(JVnK-K)(n-l)! (27») , X . (27») . /x 

^^ iV„«r(n + 27.) ^"-^ ^"^^^"-^ ^"^ ^ 
^„ A^n«r(n + 27« + 1) " ^ ^ " ^ ^ 



(A^nK + «)(n-l)! ^(.,^) ^^^^(2,.) ^^,^ 



E 
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n=0 






:2,7»2,'7«g-(a:+a:')/2 



E 



^^^^^L^2^i^)L^2l\-') 



E 

)i=0 



r(n + 27, + r 






= A2;7»2,'7«e-(^+=^')/2 



n— 
V ^^^ i(27j('a,)i(27jf2,') 



n=0 



3.7»a.'7»e-(-+-')/2^ 



r(n + 27^ + 1 



-4'"»)(x)42^»)(a:')=<S(a;-x'), (11) 



where the last equality stems from the closure relation (||). Thus we have proved the relation (0). 
Consider now the relation (pi) . Successive transformations of its left-hand side yield 



/ ^ -^ riKy^ ) -'- nK\'^ ) 



_1 _i 00 



ea(|n|+27,)|n|! 



2 ^^f--^ 27V„«(Ar„, T n)r{\n\ + 27, 



.2,7K2,'7Kg-(2:+x')/2 



-(27k 



K T ^riK r(27K) 



l"l-i^ ^ |n| + 27^ 1"! ^ ^J [ l"l-i^ '^ |n|+27K l"l ^ ^ 



-(27k)/ /^ '^T^^riK r(27K)/ /\ 



= A-j;7K2.'7Ke-(:r+2;')/2 



E 



(|n|+27,)|n| 



iV„«(iV„«T'«)r(|n| + 27«) 



■ (2,.) . ^ _ ^iTA^^(27K)( J L[7~)(a:') - f±iXr^L(7«)(x') 



= A2;7K2,'7Ke-(:r+2;')/2 



E 



(|n|+27^)|n|! (2^,) (2^j . ,. 

A^„.(iV„. T «)r(|n| + 27.)'^l»Ki^'^^'^l"l-i^^ ^ 



V" (|»| + 27^)|n|! KTNnn (2^^) , . (2-,^) , ,. 

e iV««(iV„KTA£)r(|n|+27.)|n| + 27,'^H-iWVl ^^ ^ 



E 



(|n| + 27«)|n|! ^ "^ ^n« ^(27^)/ ^(27^) / /n 

Af„«(^„K T K)r(|n| + 27,) |n| + 27, l«l ^■' l"!"!^ ^ 
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>^ (H + 27K)|n|! 



n— — OO 






:2,7»2,'7~g-(a:+2:')/2 



T|n|! 



E 



(|n|+27«)|n|! (2^,) (2^,^ . ,. 

^„«(iV„« T «)r(|n| + 27,)'^l»l-i^'^^'^l"l-i^^ ^ 



^ 7V„«r(|n| + 27«) H-i^ M«l ^ ^ 



f:-^ 7v„^r(|n| + 27J H ^ ^ i"i-i^ ' 
^ 7V„.r(H + 27« + l)^H ^"^^i"i ^"^^ 



n— — 00 



:2;7»2,'7«:c-(^+=^')/2 



(l"|+27«)|n|! 



V- Vl't|-r^7«j|"l- . (27J / N . {27„) / /N 

;^, NUNn. - «)r(|n| + 27,)'^l"l-iW^|„|-il^ ) 



(|n| + 27j|n|! 



^_ 7V„«(A^„« + K)r(|n| + 27«) l"l-i^ ' l«l-i^ ^ 



n— — 00 

00 

E 



(27»)/^^r(27«)/^/^ 



£^^7V„„r(H+27.)^H-i(-)^H"(^) 



^_ 7V„«r(|n| + 27«) H-i^ M«l ^ ^ 



n— — 00 



E 



\ \n\ y ■' \7i\ — iy ) 



^^iV„«r(|n|+27.)' 
y H^ -Lf-'^-\x)Lf]-\{x') 



n— — 00 

00 



y (^»«"")IH! r(27.)(^)^(27.)(^.) 







iV„«r(|n|+ 27^ + 1) l"l ' ' l"l 



,r- (JV„^ + ti:)|n|! .(27.). x.(27.). /N 



4 



,^ (n + 27^)n! (2^j (27,) , ,. 

^^,iV„„(iV„«-«)r(n + 27.) -^ ^^ -^ ^^ 



E 



(n + 27«,)n! 



'^ Af„«(Af„« + K)r(n + 27«) 



-^n-l \^)^n-\ (^ ) 



\ ^ 


n\ 


^^7V„„r(n + 27«) 

00 . 


^^iV„«r(n + 27«) 
00 . 



^^ iV„«r(n + 27«) 



l'^1^{x)L[^'^^\x') 
Ll^2l\x)Li^'<^\x') 



L^'^^\x)L^:2l\x') 
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-4^-«)(x)4l^l)(a:') 






n=0 



4 



E 



(n + 27^)n! 



{n + 2-f^)nl 



'^Nn^{Nnn^K)T{n + 2-/^) 



(27»)^^^r(27~)/^/^ 



Ln_l {x)L^_l [x ) 



r^n-1 (2^)^n-l (2^ ) 



hi NnniNnn + «;)r(n + 27„) 
;^^iV„«r(n + 27K + l) " ^"^^ " ^^ 
^^iV„«r(n + 27. + l) " ^"^^ " ^"^^ 



n=0 



:2,7»2,'7»g-(a:+a:')/2 



(A^n. + .)(n-l)! ^(.,^) ^^^^(2,.) ^^,^ 



^ 7V„«r(n + 27«) 



^^ 7V„«r(n + 27.) ^"-^ ^"^^^"-^ ^^ ^ 

V (^»« - ^)"' L(2^'')(a;)i(27„)f^/^ 

^„7V rfn + 27. + l) " ^^ " ^^ 



+ 






:2;7»2;''y«g-(a:+a:')/2 



E 



L^^r(n + 27.) 

+ y !h -L(27-=)(a;)i(27J(a;') 



^^^^^el'(.)e^l^(.') 



ra=0 



= i.a;7»2,'7«e-(:r+2;')/2 

2 



E 



- r(n + 27« + 1) 



L^»)(x)L(^-»)(x') 



n=0 



E 

n=0 



r(n + 27, + 1) 



i^»)(a:)i(2-»)(.') 



3,7,= 2,'7,= g-(^+^')/2 



E 



r(n + 27„ + l) 



4'"»)(x)L(^»)(x')=<5(a;-x'), (12) 



where again the last equality follows from the closure relation (|6|) . Thus we have proved correctness 
of the relation (||) . 
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Finally, successive transformations of the left-hand side of the relation (0) give 



1 UXJ 

Q/ ^ £ ^ — ^ 



n^ — OQ 



_1 oo 

a e v-^ 



a(|n|+27,)|n|! 



2 ^^^_ 2N„,{N„, T K)T{\n\ + 27,) 



3,7»2,'7~g-(a:+2:')/2 






= i2;7»2,'7~g-(:r+2;')/2 



E 



(|n|+27.)|n| 



A^n«(iV„«TK)r(|7i| + 27«) 



7-(27.)/ N , «TA^»« /-(^^"Vt'iI [r(^''"VrM .!l±iY!^r(27«)/ /N 



= £a;7»2,'7«g-(:r+2;')/2 



^ (|n|+27^)|n|! .(27.) / ^ .(27.) / /^ 

,e^ A^„«(iV„« T ^)r(|n| + 27,)'^l»l-i^'^^'^l"l-i^^ ^ 



V" (|n| + 27«)|n|! k T ^n>c .(27.) . ^(27.)/ /^, 

,e^ Nn.{N^. T Ai)r(|n| + 27,) \n\ + 27,'^IH-i W^|„| l^; J 



E 

i— — ex 
00 

E 

n— — C50 



n— — oo 
00 



(|n| + 27j|ri|! ^T^n^ (27.). .^.(27.)/ /^ 

N^.{N,,,T^)r{\n\ + 2j^)\n\ + 2j, l«l ^^ l«l-i^ ^ 



(|n| + 27,)|n| 



iVn«(iV„« T K)r(|n| + 27^) V \n\ + 27^ 



nTN^.\ i(27.)(^)^(27.)(^,) 
|n| V / |n| V / 



£3;7»2,'7~g-(^+2:')/2 

4 



T|n| 



(|n|+27«)|n 



V^ Vl'^l ~r^7K;i"l- .(27J. w(27.)/ /^i 



n— — 00 



CXD III 

y (^»^T^)|n|! .(27.)(,)^(27.)(^,) 

^ Nn^T{n +2j^ + l) H ^ Mn| ^ ^ 



n— — 00 



£T,7»T,'7«p-(3:+a:')/2 



-X '^x '"e 



E 



(l"l+27K)|n|! 



-(27«)/^Nr(27«)^^/\ 



E 



^^ iV„.(A^„. - ^n\n\ + 27„)^l"l-i^^^^|n|-i^^ ^ 
(|n| + 27„)|n|! 



-(27«)/^^r(27«)/^/^ 



n— — CXD 



Nn.{N^. + nn\n\ + 27,)^l"l-i^^^^l«|-i^^ > 

Y- I'^l! . (27.) . ^ . (27«) . /^ 



H! 



^ l"|- r(27«)f^X7-(27.)/ /N 

,VJ — ~^ V, I I ' / 



n— — OQ 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 9 



\ \n\ y ■' n — 1 ^ '' 



5 7V„«r(|n| + 27«)^H"^^''^^H-i^'''^ 



n— — oo 

oo 






n=0 




^_ 7V„«r(|n| + 27, + 1) l"l ^ ^ l"l ^ ' 



4 

oo 

V- 

^^ A^„K(iV«« + '«)r(n + 27«) 



{n + 2"f^)n\ 



^^ Nn^{Nnn - K)r(n + 27«) 



Ln-i {x)L^_l [x ) 



(n + 27^)^! 



-^n-l (2^)-^n-l (^ ) 



En! 
^^^ 7V„«r(n + 27«) 



^^ Nn,T{n + 27«) 



E 



-^ iV„«r(n + 27^) 






Y^ n! 

^ iV„«r(n + 27«) 

n— 1 ^ ' ' 

;^^iV„.r(n + 27. + l) " ^"^^ " ^"^ > 
^^7V„«r(n + 27K + l) " ^^ " ^ ' 



l^l^^/l^Q-{x+x')/2 



(n + 27„)n! 



^^ Nn^{Nnn - K)r(n + 27«,) 



e^iH-)4-^rH-') 



(n + 27^)^! 



-^n-l \x)Ln-l (^ ) 



^^ iV„«r n + 27« + 1 " ^ ^ " ^ ^ 
^„ iV„«r(n + 27, + 1) " ^ ^ " ^ ^ 



n=0 



4 



(A^„« + «)(n-l)!^(27.)^^^^(2..)^^,) 



;^^ 7V„,r(n + 27„) 



^^-'"^("'^^' 4lV(^)4-V(^o 



^^ 7V„«r(n + 27,) 
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n=0 






£T,7»T,'7«p-(3:+a:')/2 



-x"=a; '"e 



E 



r(n + 27, + l) 



("-!)! r (27«) f^^ T (27«) ^^/^ 

(n + 27«) "- 



Er(n + 27«)^"-"'^''^^"-^'^''' 

n— 1 ^ ^ 



2 



E 



- r(n + 27, + 1) 



.n=0 



-4^^»)(x)L(^-»)(.') 



V ^^^^ i(27j('a,)i(27jf2,') 

^r(n + 27. + l) " ^"^^ " ^^ 



n=0 



(13) 



where the last equahty is obvious. This completes the proof of correctness of the closure relation 
Consider now the closure relation (H). It is equivalent to four relations 



Z 



— V" t^nKSni^{x)Sn^{x') =^ 5{x - x') 



n— — oo 



— E l^n^TnK{^)Trii^{x')^5{x-x'), 
n— — oo 

— ^ S'„K(a;)T„K(2^') = 



n— — oo 



and 



Z 



y^ T'nK(a;)S'„K(a;') = 0. 



(14) 

(15) 
(16) 

(17) 



n— — oo 



We observe that the 'off-diagonal' relations (|16|) and (|l^) follow immediately from the relations (|9|) 
and ( [lO|) and therefore it is sufficient to prove the 'diagonal' relations ([IJ) and (^5|), a task that is 
a little bit more difficult than proofs of the relations (0) and (|g) . Upon transforming the left-hand 
side of equation (|^ we have 

„ oo 

X ^-^ 

n— — oo 



Z E 

^^ ^-(|n|+7«±iV„«) 



a(|n|+27,)|n|: 



X ^-^ aZ 

n— — oo 



2£7V„„(iV„,TK)r(|n|-f 27« 



.2.7»2:'T«e"(^+''')/^ 



-(27k 



KTj^V^iK (2^^) 



l"|-i^ ^ |n|-|-27« l"l ^ '\ [ l"l-i^ ^ |n|-t-27« l"l ^ ^ 



- (27») l^l\ , ^T^nK ^ (27k) /^/^ 



7„-i^'7.„-(x+x')/2 V^ (|n| + 7^ ± A^n«:)(|n| -H 27^)|n|! 



-a;'" a; "*e 



^ 7V„«,(Af„«T'«)r(|n| + 27«) 
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-(27- 



)f X , ^T NnK r(27^) 



L:n(-)+ 



\n\ + 27«, 



(x) 



^H-i(^)+ 1^1 + 27/1-1 ^^ 



.2,7«-i2,'7»g-(a;+2;')/2 



E 



n— — 00 



\n\ +7«± JV„^)(|n| +27^)|n|! (2-yj w(27«)/ /^ 
Nn.{N„. T nn\n\ + 27«) ^l»l-i^^^^l"l-i^^ > 



n— — 00 

00 



(|n| +7^± JV„«)(|n| +27«)|n|! At T A^«>. ^(27^ / n ^^(27^^ /^ 
Af„«(^nK T «)r(|n| + 27,) |n| + 27« l"!-!^""^ H ^"^ ^ 

>r- (|n| +7K±/^nK)(|»-| +27«)|n|! k T A^«k ^(27^. ^(27-.)/ /x 
£-_ 7V„«(7V„« T '«)r(|n| + 27,) |n| + 27« l"l ^''^ l"l-i^^ ^ 

^1 + 7k ± N, 



y- (|n| +-f^±Nn^){\n\ +27«)|n|! / k T A^nK V j^(27.)f^u(^'y.:)^^/^ 



i2;')'»-l2;'7»e-(2:+a:')/2 

2 



E 



.n— — 00 



\n\ +7^± JV„^)(|n| +27^)|n|! ^(2^j fa;)i(27«) /^/n 
Af«K(^nK T K)r(|n| + 27,) l"l-i^ ^ l«l-i^ ^ 



^ /V- rnn| + 27«) ^l"l-i^^^^|n| ^^^ 



n— — 00 

00 



y- T(|»| +7K±^^«K)|n|! ^(27J^^^r(27J^^/^ 



n— — 00 



^«Kr(|n 



I + 27O ^l"l W^IH-i^^^ 



V" (|n| + 7«, ± iVnK)(A^„>. T «^)|n|! ^(27.)^ ^r(27»)/ /n 
^ iV„«r(H + 27K + l) ^i"i ^"^^i"i ^"^^ 



_2,7»-l2,'7Ke-(2:+2:')/2 



-^ (|n|+7K + ^nK)(|n| + 27^)|n|! (2^,) , ^.(27.). /^ 
^^ iV„4iV„« - «:)r(H + 27k) ^H-i^^^^H-i^^^ 



\p (l»l +7K-^nK)(|n| +27«)|n|! (2-y^) xr(27»)/ /^ 
^ Ar„«(7V„« + K)r(|n| + 27,) H-i^^^ |«hil^^ 



n— — 00 



'^ (l"l+7K + A^»K)|n|! (27.). x.(27.). /N 
;^^ 7V„.r(|n| + 27K) ^l«l-i("^^H ^"^ 



E 



(|n|+7K-Ar„,)|n|! (2^„) (2^j , , 



iV„Krf|n 



1+27,) l"l-i^ ^ l"l ^ ^ 



y, (|n|+7^ + A^„^)|n|! (2^^) (2^j 

;^^ 7V„«r(|n| + 27«) l«l ^ ^ l«l-i^ ' 

y- (hi +7K-^«K)|n|! r(27^:)^^^^(27.)^^/^ 
„^,, iV„«r(|n| 



E- 

n=0 



, ""^' '• £7"^(x)£7- (xO 
i|+27«) l"l ^ ^ l"l-i^ ' 



|n| ^ / |n| V 7 



7V„«r(|n|+ 27^ + 1) 
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E 






[j.j^~irj.''r.Q-{x+x')/2 



E 



{n + j^ + Nn^){n + 2j^)n\ ^(27,)^ ^(27.)^ /n 
^ yV„K(iV„«; - K)r(n + 27K) 



>^ (rt + 7« - ^««) (» + 27«)"! . (27^/ N.(27«)/ /x 
;^^ iV„«(iV„. + ..)r(n + 27K) -^ ^ ^ -^ ^"^^ 

,^ (n + 7^ + JV„^)n! (27„) , . (27J . M 
;^^ iV„«r(n + 27«) ^"-^ ^"^^^^ ^"^ > 

^ (n + 7^ - JV„^)n! (27„) (2^j . ,. 

;^^ iV„«r(n + 27K) "^""^ ^'^^'^" ^"^ ^ 

;^^ iV„«r(n + 27«) " ^ ^ ""^ ^ ^ 
y (" + 7>.-A^».)^!^(27.)(,)427)(^,) 

^ A'nKr(n + 27k + 1) 

^^ 7V„«r(n + 27, + 1) " ^ ^ " ^ ^ 



2 

00 

E 



2,7«-l2,'7»e-(=^+^')/2 



/ . —J n„ , r,-, \ -'^n-l \^)^n-l \X ) 



.n=l 



iV„«r(n + 27«) 



(n + 7k - JV„«,)(Ar„K ~ K)(n - 1)! (27.) / n r (27.) / /^ 
Nn^T{n + 27k) "-1 ^ ' "-1 ^ ^ 



;^^ iV„Kr(n + 27K) "-1 ^ ^ " ^ ^ 

>^ (n + 7k - JV„K)n! (27„) . ^ . (27„) ^^/^ 

;^^ 7V„Kr(n + 27K) "^"-i^^^"^" ^^^ 

,^ (n + 7k + iVn.)n! (3^^) (27J , 

;^^ 7V„Kr(n + 27K) " ^^)^"-i(^) 

;^, Nn^rin + 27k) " V ; „-i V ; 

E ^"^J-t^":f":;;^"' 4--Hx)4-^-)(x-) 

^ A^n^r(n + 27k + 1) 

n— 

^0 7V„Kr(n + 27k + 1) " ^ ^ " ^ ^ 



2,7»-l2,'7»g-(a:+a;')/2 



,-^ (n + 7K + K)(n-l)! (27^) (27J / /n 

^ r(n + 27K) "-1 ^ ^ "-1 ^ ' 

.n=l ^ ' 
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E 






^Jin + 2j,) 
+ Z.r(n + 27« + l) " ^"^^ " ^"^^ 



ri=0 



2,7»-l2;'7»g-(2:+a;')/2 



^^ r n + 27k + 1 



E 



n! 



-^ r(n + 27,) 



l1-^)(^)l^»)(x') 



E 



-L(^-»)(^)4':^)(x') 



;^ir(n + 27.) 
+ Z.r(n + 27« + l) " ^"^^ " ^"^^ 



n=0 



2,7»-l2,'7«g-(2:+a:')/2 



E 



(2n + 27^+l)n! (2^ , 



E 



-^r(n + 27«; 



E 



-r(n + 27,) 



- r(n + 27^ + 1) 
4:^)(x)4-»)(x') 



L^«)(x)4^-«)(.') 



(18) 



Before we shall identify the obtained expression, we shall transform to the same form the left-hand 
side of the relation (Ha) 

Z 



- E M«K^"'^(a;)r,«(a;') 



X ^^ aZ 2A^nK(A^nK T ^)r( n + 27^,) 

n— — 00 ^ /Ml ' / 

I"|-i^ ' \n\+2j^ l"l ^ ^J [ l"l-i^ ^ h| + 27« l"l ^ ' 



2,7« l2;''»g 



,7.p-(x+x')/2 y- (|n|+7, T^nK)(|ri|+27,)|n|! 
^_ 7V„,(7V„«T'«)r(|n| + 27,) 



n— — 00 



.(27 J. X _K^^V^ (27J, J [r(27»)/ /^ ^TA^nK r(27j/ /N 



.a,7K-l2,'7»g-(an+a:')/2 



E 



n— — 00 



I'^l +7KTA^»>.)(|rt| +27,)|n|! (27J . \Ti2^.)( '^ 
^„.(A^nK T ^^)r(|n| + 27.) ^In|-i^^^^l«l-i^^ ) 
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,i:"oo ^««(^nK T «)r(|n| + 27,) |n| + 27, l"!-!^""^ H ^^ ^ 

y- (I'^l + 7k T ^nK)(|n| + 27«)|n|! K T A^«« £(27.)/^u(27.) / z^, 

,£- 7V„«(Af„« T «)r(|n| + 27,) |n| + 27« l«l ^ ' l«l-i^ ^ 



E 



n— — 00 



(|n| + 7« T ^nK)(|n| + 27«)|ti|! / AC T ^nK \ ^(27«)/^w(27«)/^/^ 

A^„K(A^n« T «)r(|n| + 27«) ^ |n| + 27 J l"l ^ MH ^ ^ 



i2,7«-l2,'7»e~(=^+^')/2 



V" (I'^l +lKTNnn){\n\ +27^)|n|! (27,). w(27„)/ ,^ 
^ 7V„.(7V„«T^^)r(H + 27«) ^H-i^^^^H-1^^^ 



,n— — 00 



'y T(|»|+7KTiV««^)|n|! (27J. . (27.). /x 



n— — 00 

00 



y- T(|"| +7k TA^««:)|n|! ^ (27J^^^ r (27J ^^/^ 



n— — 00 



^««r(|n 



..,.^, ..|. .7.;( w^7. ( ,) 
1 + 27,) l"l ^ ^ l"l-i^ ^ 



,^^ 7V„«r(H + 27« + l) "^H ^^^^H (^^ 



_2,7«-l2,'7»g-(2;+a;')/2 

2 



y- (I»I+7k -iVnK)(|n| + 27^)|n|! (27,) / n . (27») / /^ 

;^^ iV„«(iV„«-«;)r(|n| + 27«) '"l^i^ ^ l"l-i^ ^ 



\p (I'^l +7K + ^nK)(l'^l +27k)I"IL (27.)/ \r(27.)/ /^ 

£- 7V„«(iV„« + «)r(|n| + 27,) H-i^ ^ l"l-i^ ^ 



n— — 00 



y 1H±7k_A^ (27.) (^)^(27.)(,,) 

y- (|n|+7K + A^««)|»|! (27J. X (27.). M 

„i:1x> ^nKr(|n| + 27«) i"i-i^ ^ l«| ^ ^ 
^^ 7v„.r(H + 27«) ^H (^)^H-i(^^ 

V- (|rt| +7K+^nK)l'^|! ^(27.)^^^^(27.)^^/^ 



n=0 




.|+27k) ^H (^)^I"I-i(^) 

|»| +7>. - A^»«)(^nK - ^)l'^l' 7-(27.)/ u(27.)^ M 

iV„«r(|n|+27« + l) l"l ^ Mn| V ; 

(|?t| +7« + ^nK)(^'«K + ti:)|n|! ^(27^)^ Nr(27»)/ /^ 



E U'tl ~t-jK'ri^nK){i^nK^i^)[n\: ^(27^)^ w(27»)/ /N 
7V„.r(H + 27« + l) H ^^^^H ^^^ 



n— — 00 



.a,7«-i2,'7»e-(a;+2;')/2 



E 



(n + 7^-Ar„^)(n + 27^)n! (27.) .^ . (27.) //n 
^ A'„k(A'„k - Kji (n + 27k) 



E 



(» + 7« + Nn^)in + 27^)^! (27„) . ^.(27„). /^ 

^^ iV„K(iV„K + ..)r(n + 27.) "-1 ^ ^ "-1 ^ ' 
^ (n + 7k - A^„K)n! (27^) (2^^) , 
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;^^ iV„«r(n + 27«) "^^ ^^)^n-i{^) 
^ NnKi-(n + 2jK + i-) 



n=0 



^„ 7V„.r(n + 27« + l) " ^"^^ " ^"^^ 



2 



E 

,n=l 



(n + 7^ ~ A^n«:)(iVnK + K){n - 1)! (2^,) (27») . /n 



E 



(n + 7k + A^„k)(A^«k -K){n- 1)! (2^„) (27J / ,x 

A'^kI (n + 27k ) 



2-^^ iV„Kr(n + 27K) "^"-i^^^"^" ^^^ 

,^ (n + 7k + A^nK)n! (27,^) (2^j . ,. 

2-^^ iV„Kr(n + 27K) ^"-i^^^"^" ^^^ 

,^ (n + 7k - JV„K)n! (2^^) , , (2t,„) . ,. 
^^ 7V„Kr(n + 27K) " ^"^^ -^ ^"^ ^ 

;^^ iV„Kr(n + 27k) " ^ ' ""^ ^ ^ 

E ^^^j-w^Tr":7)'^"' ^»"^(-)^»"^(-^) 

^ A'nKr(n + 27k + 1) 
^ A'nKr(n + 27k + 1) 



n=0 



2,7»-l2;'7»g-(2;+a;')/2 



E 



(n + 7K-/t)(n-l)! (2^^) (27J . /n 

P(^^27k) "-1 ^ ^ "-1 ^ ^ 



En! 
, r(n + 27k 

n— 1 ^ 



-4i-^'(x)4^-~)(x') 
-l^»)(x)4^:^)(x') 



^^r>T27K) 

;^^r(n + 27K + l) " ^ ^ " ^ ^ 



2,7»-l2,'7»g-(^+a;')/2 



^^ rn + 27K + l " ^ ^ " ^ ^ 

_n— 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 16 






E 






+ Z.r(n + 27« + l) " ^"^^ " ^"^^ 



ri=0 



2,7»-l2;'7»g-(2:+a;')/2 



^ (2n + 27. + l)n! (2^^^ (2^^, 

^ r(n + 27. + 1) " ^^ " ^ ' 



E 



n! 



-^ r(n + 27,) 



l1-^)(^)l^»)(x') 






L(^'^^\x)L^::i\x') 



(19) 



Consider now the closure relation (|6|) in the case a = 27, — 1. Upon utilizing the recurrence 
relation 

LW(a;)=4"+i)(x)-4"_+/H:^) (20) 

we may transform it as follows 



S{x ~ x') - a;7.-i/2^/7.-i/2e-(.W)/2 J2 



n=0 



r(n + 27, 



-L^-i)(a:)i(2--i)(a:') 



^7^-l/2^/j^-l/2^^(x+x')/2 



v-^ n! 



„^^r(n + 27«) 



L(^-»)(x) - L^^2l\x)] k^-»)(x') - Lt-^)(x') 



2.7»-l/2^'7»-l/2g-(^+a;')/2 



E 



-- r(n + 27,) 



L(^-»)(^)42-»)(x') 



\^^T>T2^ 



4^-H-)4-^i'(-') - E w;7^^<'-i'(-)4'^~^(-') 



^,Tin + 2^.y 



E 



7.1 



^^^r(n + 27«) 



e\^H-)e^i'(-') 



^J^~l/2^,j^^l/2^-ix+x')/2 



E 



.„r^or(n + 27.) 



42-~)(.)i(2-»)(x') 



V - L(27«)^2.^ r(27«). /^ _ V- !^ L^^^'*Va;^i(27.)^ ' 



-r(n + 27,) 



-^r(n + 27,)- 



-E 

n=0 



(n + 1)! 



r(n + 27, + 1) 



L(^)(a:)i^»)(.') 



2,7»-l/2^'7»~l/2g-(2:+a;')/2 



^l^i^^^^^4^-'(-)4^-n. 



.„t^o r(- + 27. + i) 
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E 



-4^-)(x)4l^^\.')-E 



Comparison of equations (11^) , (p^ and (|2l|) yields 



4':j'(x)4^-»)(x') 



(21) 



— ^ M«K'5'„K(a;)'S'„K(a;') = \/x'/x d{x ~ x') = S{x - x') 



(22) 



and 



— E ^«k^"«(^)'^"k(^') = \/x'Jx5{x - x) = (5(x - x) 



(23) 



which completes the proofs of the relations (114) and (15) and consequently of the closure relation 



2 A transformed form of the radial Dirac-Coulomb Green function 

In the Sturmian expansions of the radial Dirac-Coulomb Green function (equations (134) and 
(135) of Ref. ||l|), the elements 5k (r, r'; E) have been expressed as infinite series with summations 
running over all, positive and negative, integers. By reducing terms with the same \n\ to a common 
denominator, the expansions may be transformed to forms containing only summations over non- 
negative integers. Definning 

E (e 



mc^ 



VT^^' 



one has 



(24) 






n— — oo 



fJ'n 



oo -| 

V - 



a(|n| + 27K)|n|! 



±2^^E^ 2eNn^{Nn. T K)r(|n| + 27,) 



2,7«2,'7«g-(a:+3:')/2 



-(2-1^)1 ,.I^^TNnKA-2l.), 



i"l-^^ ' \n\+2j^ l"l ^ ^J [ l"l-i^ ^ \n\ + 2j^ l"l 



(27») ^^/A _L ^^^"^ r ^^■^"^ ^x') 



^7«2.'7«e-(-+-')/2 \- 



aa\n\ + 2j^)\n\: 



\n\ + 7k + eC±N^ 



J^^ 2N,UNn. T ^)r(|n| + 27k) (|n| -I- 7^ + eC)^ - N^, 
l"l-i^ ^ |n|-|-27„ l"l ^ ^J [ l"l-i^ ' \n\ + 2-f^ l"l ^ ; 



3.7.^'7.e-(-+-')/2 \- 



aC(|n| + 27K)|n|! |n| + 7^ + eC ± A^«k 



^^£-^ 2Af„K(7V„K T K)r(|n| -I- 27^) 2eC(|n| -I- 7^ - 

Lp7.)(^) + ^ta^ (2,„)( J [lP7»1(x') + ,^^^- Lp7-)(xo' 

l"|-i^ '^ |n|-f27„ l"l ^ ^J |_ l"l-i^ ^ |n|-h27„ l"l ^ _ 



^^1.^11. ^-(x+x')/2 y^ (|»| -H 7>c + eC ± NnMA + 27K)|n|! 
4e „^_ iV„,(7V„„ T K)(|ri| + 7k - ^)r(|n| + 27^) 
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|n|-i^ ^ \n\ +27« l"l ^ ; 



r (27«) ^^/^ , f^ T N„^ , (27J / ,^, 
^H-l^^^+lnl + 27/H ^"^1 



4£ 



E 



n— — 00 



{\n\ + 7^ + eC ± ^^««)(|n| + 27^)|n|! (2^^) , (27,) . ,. 
iV„«(iV„« T «)(|n| + 7. - c.)r(|n| + 27,)'^l"l-i W^H-il^: ) 



E 

1— — ex 
00 

E 

2— — ex 

exD 

E 



(|?t| + 7k + eC ± N.a^){\n\ + 27^)|n|! k t N„k ^(2^,) w(27»)/^/n 
iV„,(Af„«T«)(|n|+7K-c^)r(|n| + 27j|n|+27, H"!^^^ I"l ^"^ ^ 

(|»| + 7^ + eC ± A^«k)(|»-| + 27«,)|n|! k t A^«k ^^(27^)/ n ^^(27^ /^/n 
iV„«(7V„,T^t)(|n|+7K-u;)r(|n| + 27j|n| + 27, l"l ^""^ H-i^^ > 

i\n\ + -f^ + eC ± N„^){\n\ + 2-f^)\n\\ f n^Nnn Y ^(27.), ^(27^/ /n 



N„.{N„^TK){\n\+j^-uj)r{\n\ + 2j^)\\n\ + 2-fJ l"l ''I 



ii2;^»2,'7»e-(2:+a;')/2 

4e 



y- (I'^l +j^ + eC± N^^)(\n\ + 27^)|n|! ^(2^^) . x^(27.) . /n 
^ iV„«(iV„,TK)(|ri|+7K-^)r(|n| + 27«) l«l-i^ ^ l"l-i^ ^ 



.n— — exD 



V^ T(|»| + 7/. + gC ± iVn>.)l"|! .(27.) . ^ . (27.). /N 

^ iV„.(H+7.-o.)r(H + 27«)Vl-iW^H ^^^ 



n— — exD 



V- T(|n|+7K+gC±^»«)|n|! .(27.)/ N.(27»)/ /N 
e^ ^n^d^l + 7k - c.)r(|n| + 27«) l"l ^^^"^l-l-i^^ > 



n— — oo 



V" (|»|+7K+gC±^«K)(^«KTK)|'^|! .(27.). N.(27j/ /N 



^2;^»2,'7»g-(a:+:E')/2 

4e 



v^ (|n|+7«, + gC + A^nK)(|n|+27^)|n|! (27,), . (27.) . n 
^^ Nn.{Nn. - n){\n\ + 7, - o.)r(|n| + 27,)'^l"l-i W^|„l-i^^ ^ 



v^ (I'^l + 7k + eC " ^nK)(|n| + 27;,)|n|! ^(2^,^) / ^(27.) . /x 
^_iV„«(7V„, + K)(|n|+7,-w)r(|n| + 27,) '"l^i^^^ |n|-i^^ ^ 



n— — exD 



V^ {\n\+lK + eC + Nn.)\n\\ (27J (27.) . ,^ 

^^ iV„.(|n| + 7k - c.)r(|n| + 27^) '"l-^^ ^ l"l ^ ' 

V (1^1 + 7k + eC - A^«K)|n|! (27,) /^u(27.)/ /^ 
„i"oo^"«(H+7K-c^)r(|n|+27,) H-i^ ^ H ^ > 

V (1^1 + 7k + gC + N^n)\n\\ .(27.)/ u (2^-) fa-') 
^^Af„K(|n|+7K-c^)r(|n| + 27«) l"l ^' l"l-i^ ^ 

y^ (|rt| + 7k + gC - A^«K)|n|! r(27.)/ u(27.) r t. 

„^_iV„4H+7«-c.)r(H + 27«) H ^^ H-i^ ^ 



E 



"-|+7K+gC + ^«K)(^nK-K)|n|! (2^,^) ^^(27^. ,x 



„t"o ^„K(|n|+ 7k- c^)r(|n| + 27^ + 1) l"l 'M"l 
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E 



{\n\ +7« + eC - Nn^){Nn^ + n)\n\l (27.). n.(27»)/ /n 



4e 



E 



(n + 7«+£C + A^„K)(» + 27K)n! ^(27^)^ Nr(27»)/ /^ 



^ N.a^{NnK - «;)("- + 7k -t^)r(n + 27K)' 



, Y" (n + 7^ + £C- A^„«,)(n + 27«)n! (27J/ Nr(27.)/ /x 

^^7V„,(iV„« + «)(n + 7,-c.)r(n + 27,) ""^ ^ > ""^ ^"^ ^ 

>^ (n + 7« + eC + ^nK)n! .(27.). ^W27.)/^/^ 
^^A^„.(n + 7K-c.)r(n + 27«) -^ ^^ " ^^ 

y (n + 7. + eC-iVn.)n! .(27 )(^)^(27.)(,.) 

V ^!i±7!i±£C+^!!^K>^ W27J /^u (2''«) r^M 

^ iVriK(n + 7k - w)r(n + 27«,) 



+ E' 



("- + 7K + eC-^nK)«! 



r4^''"'(-)4-"iH-') 



-^ Ar„K(n + 7k - w)r(n + 27^) ' 
>^ (n + 7k + eC + A^»k)(A^»k - «)^! (27.)/^^W27.)^y^ 



^„ Af„K n + 7K-tjrn + 27K + l " ^^" ^ ^ 



4e 



E 



(n + 7K + £C + iV«K)(A^«K + K)(n- 1)! ^(27^)^ w(27«)^ /n 
NnK[n + 7k - tj)r(n + 27k) 



^ (n + 7K+£C-^r^K)(^^r^K-«)(?^-l)! ^(27^)/ u(27«)/ t\ 

y^ Nn.{n + 7k - o^)r(n + 27k) ""^ ^''^ ""^ ^"^ ^ 



2E 



"^ (ri + 7k - w)r(n + 27k) 






2y "^ 

^, (n + 7k - uj)T{n + 27k) 

V (" + 7K + £C + A^»K)(iV«K-«)n! (37.) /^^ . (27.) ^^/^ 
^0 ^-(" + 7k - ^)nn + 27k + 1) " ^ ' " ^ ' 

V (" + 7K+£C-^nK)(A^nK + /^)n! (27.)/^U(27j^ /^ 

^^ Ar„K(n + 7K-^)r(n + 27K + l) " ^^" ^ ^ 



ii^7»^'7»p-(a;+2:')/2 



2e 

00 

E 

00 

E 

n=0 



a; '"^x ' e 



("• + 7k - t^)r(n + 27k) 



(n- + 7k - w)r(n + 27k) 



^^ (n + 7K--)r(n + 27K)^"-^ ^"^^^""^ ^"^ ^ 
4l^j)(x)L(^)(.') 



i^»)(x)4-^j\x') 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 20 



E 



{n + -fK + £( — K)n\ 






2e 



f- (n + 7, - c^ + l)r(n + 27, + 1) " ^ ^ " ^ ^ 



- E 

oc 

- E 

oc 

+ E 



(" + 7k - tj)r(n + 27k) 

n! 
(" + 7k - ^)r(n + 27k) 

(n + 7k + eC ^ K)n! 
(n + 7k - t^)r(n + 27k + 1) 



- (n + 7k - cj + l)rC 
4l^^)(x)4^^»)(x') 



i^^n^)4-\^'(x') 



i^»)(x)i(2''»)(x') 



7«T,'7«p-(a;+a:')/2 



2e 



-a; '"^x '"^e 



{n + "fi^ + sC + K+ l)n! 
^ (n + 7k - t^ + l)r(n + 27k + 1) 



E 



L^»)(x)i^~)(x') 



^n=0 



\ ' 




n\ 




Tr^^ 


n— ^ 


+ 7k- 


-uj)T{n 


+ 27k) 


-*-« 


00 




nl 




7- (27 


n— ^ 


+ 7k- 


-uj)T{n 


+ 27k) 


^n 


oc 

\ 


{n + 


7K+eC 


— K)n! 





[i^»)(x)-L(^--i)(x)]42''»)(.') 



L^»)(x) L^»)(x')-i^»-^)(x') 



(n + 7K-t^)r(n + 27K + l) 



i^»)(x)i^»)(x') 



2e 



^7«2,'7»g-(a;+a:')/2 



E 



{n + "fK + eC + K + l)n! 



--;(" + 7k - '^ + i)r(n + 



.n=0 



27k + 1) 



E 



^ (n + 7k - w)r(n + 27k) 



i^»)(x)L^»)(x') 



E 



^ (n + 7k - ti;)r(n + 27k) 



E 



^ (" + 7k - t^)r(n + 27k) 



+ E 



^ (" + 7k - t^)r(n + 27k) 



L(^-i)(.)i^»)(x') 
L^»)(x)4^^»)(x') 



L^»)(x)L(^-i)(x') 



„^„(n + 7K--)r(n + 27K + l)'^" ^'^^'^" ^"^ ^ 



a 

2e 



E 



ii 



^ (" + 7k - t^)r(n + 27k) 






\^o(« + 7K-w + l)r(n + 27K + l) " ^^ " ^ ^ 



R. Szmytkowski: Addendum to "The Dirac-Coulomb Sturmians and the series expansion ..." 21 



E 



(— n — 37k + eC — K)n\ 






2e 

00 

E 

oc 

E 



.^7«2.'7«e-(^+^ 



0/2 \f^ in + ,.-^ + 1 + sC + . + .)nl ^, ^ ^, , 
XT^n (»^ + 7« - ^ + l)r(n + 27„ + 1) 



(" + 7k - uj)T{n + 27k) 



(-n -7K+ti; + £C-cj- 27k - K,)n\ 
(n + 7k - w)r(n + 27k + 1) 



42-~)(x)42-~)(x') 



a 

2e 



^7.2.'7.e-(-+-')/2 J ^ 



- r(n + 27k + 1) 



,n=0 



-i(^)(x)L(f'^~)(x') 



E' 



(eC + ^ + i^)n\ 



^ (n + 7k - ^ + i)r(n + 27k + 1) 



L^»)(x)4^-»)(x') 



E 



^ (" + 7k - uj)T{n + 27k) 



i^-i)(x)4^^»)(.') + L^»)(.)i(2''-i)(x') 



E 



-r(n + 27K + l) 



L(2''»)(.)i(2''»)(x') 



4- V K - ^ - 27k - «)n! ,(27.)^^u(27.) . '^ 



" ^7.2.'7»e-(-+-')/2 J (e( + c^ + k) ^ 



2e 

OC 

E 



-:;; (j^ + 7k - ^ + i)r(n + 



n=0 



-— -L^^)(x)L^")(.') 
27k + 1) 



r;; (" + 7k - t^)r(n + 27k) 



n=0 



+ (eC - ^ - 27k - k) ^ 



i^~)(x)i^~)(x')| 



n! 



„^o(n + 7K-^)r(n + 27K + l) 



^^l>^n^ll>^Q~(x+x')/'^ 



2e 1 VVT^^ 



c 



E 



(n + 7K-cj + l)r(n + 27K + l) 



L(2-~)(.)i^~)(x') 



+ E 



„^ (" + 7k - w)r(n + 27k) 



C(l - 26) 



-27k-k)^ 



4^^»)(.)i^»)(x') 



(n + 7K-cj)r(n + 27K + l) 



(25) 



CO ^ 



n— — oo ■ 



oo 



a(|n| + 27K)|n|! 



^ g|«|+7.±iv„. _ ^ 2iV„K(iV«K T «)r(|n| + 27k) 



2,7»2,'7»g-(a;+a:')/2 



n— — oo 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 22 






.(27„). ,x _«^^^.(27„). ,x 

^H-i(^)-|„| + 27/h (^^ 



2,7K2;''>''«e~'-^^^'-'/^ 



E 



n— — 00 



|n| — IV / 1^1 I o«, Inl V / 



|n|+27, l"l 



aC{\n\ + 2-f^)\n\\ |n| + 7^ - £-^C T iV»«^ 

2£^„K(iV„« T «)r(|n| + 27,) (\n\ + 7« - e-iC)^ - N^, 

7. 
I- 



71 —1^ / 1^1 I o«, Inl V / 



|n|+27, l"l 



2,7«2,'7«g-(a;+a:')/2 



E 



n— — 00 



aC(l»l+27«)|n|! |n| + 7k - g'^C T A^»«^ 

2£^„K(iV„« T K)r(|n| + 27«) i-2)e-^C{H + 7« - ^) 



X l(27„) (^) ^^TiVnK (27.) (^)l L (27.) (^,) _ ^ T iV». (27.) (^,)' 

l"l-i^ ^ |n| + 27« l"l ^ ^J [ l"l-i^ ' |n|+27« l"l ^ ^ 



l2;7»2,'7»e-(2;+2;')/2 



E 



(|n| + 7, - £-!( T iVnK)(|n| + 27^)|n|! 
A^nK(iVnK T '«)(|n| + 7^ - w)r(|n| + 27^) 



l"hi^ ^ |n| + 27« l"l ^ ^J [ l"l-i^ ^ \n\ + 2j^ l"l ^ ^ 



__a;'>'''a;''>'''e"(^+^')/^ 



V" {\n\+7i^-£ ^CT^nK)(|^| +27K)|n|! ^(27.)/ Nr(27»)/ /n 
^ A^„«(A^„K T «:)(|n| + 7« - ^)r(|n| + 27,) "^IH-i W^|„|-i^^ ^ 



^ 7V„«(7V„,T'c)(|n|+7.-^)r(|n| + 27,)|n| + 27« l"!-!^""^ I«l ^"^ ' 



n— — 00 

00 



, v^ (|»-|+7k-£ ^CT^«k)(|"-| +27K)|n|! At + JV„^ (2^ j ^(27.)/ /^ 
„^^^-(^-T'c)(|n|+7«-c^)r(|n|+27«)|n| + 27« l«l ^''^ l«l-i^'' ^ 



E 



n— — 00 



I^I+7k-£ ^CT^«K)(|rt|+27^)|n|! /^ /^ T A^»«^ ^\(27.), n.(27.)/ >^ 



Nn4NnnTn)i\n\+"fn-u;)T{\n\ + 2j^) \\n\ + 2j^J I 



l«l 



.^2;'>'»x''>'"e~(^+^')/^ 



E 



n— — 00 



(|n|+7^-£ iCTiVnK)(|rt|+27«)|Ti|! ^(2^^) . w (27.) . /n 



V- T(|n|+7>.-£ ^CTiV»«:)|n|! .(27.) . x .(27.). /n 
e^ ^««(l"l + 7« - ^)r(|n| + 27«) l"l-i^ ^ l"l ^"^ ^ 



n— — 00 



,±-^ Nn.i\n\ + 7« - -)r(|n| + 27.) "^1"! ^^^^I"l-i^" ^ 

V" (I'^l + 7k ~ £~^C T A^nK)(A^«« T ^)|»|! . (27.) / w(27«)/ /N 

„e^ A^„«(H+7K-c.)r(H + 27. + l) "^H ^"^^"^H ^""^ 



-"x'^''x''>'''e"(^+^')/^ 



(I^I+7k-£ ^C-NnK){\n\ + 2j^)\n\\ (27.). ..(27.). ,x 
^^iVnK(Ar„„-.t)(|n|+7«-c.)r(|n| + 27,) l«l-i^^ l"!"!^"^ ^ 



E 



V- (I»I+7k~£ ^C + Nn^){\n\+2-f^)\n\\ (27,). x.(27.). ,x 
,^_^„K(A^„K + «:)(|n|+7K"^)r(|n| + 27,) l"l-i^^ l«|-i^ ' 



E 



(|n|+7^-£ \-Nnn)\n\\ ^(2^,) ^^w (27.) ^^/^ 
^^^„K(|n|+7K-t^)r(|n|+27„) l"l-i^ ^ l«l ^ ^ 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 23 






E 



\ Nn.{\n\ + 7k - oj)V{\n\ + 27.) "^1"! W^|„|-il2; J 






E 

n=0 




(l?^l +7k - £ ^C ~ A^»K)(iV«K -- K)|rt|! .(27.)/ N.(27»)/ n 
iV„«(|n|+7«-c.)r(H+27« + l) Vl WVl ^^^ 



y- (l?^l +7k-£ ^C + ^nK)(^^«K + «)l»|! j^(27.)/ w(27j/ /x 

^ 7V„,(|n|+7«-c^)r(|n| + 27« + l) l"l ^M«l ^ ^ 



n— — 00 



4 



-^ (n + 7^-£ iC-^«k)(» + 27k)>^! .(27.). w(27«)^ /N 



+ E 



(n + 7^-£ ^C + ^nK)(» + 27K)'t! j(2^^)i xr(27«)/ / 



^ iV„K(iV„«; + K)(n + 7k - tj)r(n + 27^) 



-^n-l \^)^n-\ {^ ) 



+ E 



(n + 7. - £-^C - A^nK)n! .^(27.)(^)^(27.)(,.) 



{ Nnn{n + 7k - w)r(n + 27^) ' 

(n + 7k - £-^C + iV„«)n! .^(27.)(^)^(27.)(,.) 



- V 

;^^ Nn^{n + 7k - w)r(n + 27^) 
_ y (n + 7K -£-^C-iVnK)n! .(27.)(^)427 )(^,) 

, V (n + 7,-£-iC + A^nK)n! W27.W x .(27.)/ /^ 
+ ;^^iV„«(n + 7K-^)r(n + 27K) " ^^-i ^^ ^ 

V (^ + 7k - £'^C - ^»K)(A^nK - /t)n! (2^^) (2^^) 

^, iV„«(n + 7K-c.)r(n + 27K + l) " ^ ' " ^ ' 

^ (n + 7, - £-!( + Nn^)iNn^ + /^)^U (27.)/ X W27.)/ /A 

^, iV„.(n + 7K-c.)r(n + 27« + l) "^^ ^"^^"^^ ^"^ ^ 



n=0 



4 



^ (" + 7k-£ ^C-^nK)(^nK+K)(n- 1)! ^(27^^ Nr(27»)/ /^ 

^ A^n„(n + 7k - u;)r(n + 27k) "^-^ ^""^"^-^ ^"^ ^ 



+ E 



(7^ + 7k-£ ^C + ^«K)(^«K-K)(n- 1)! ^(27^^ Nr(27»)/ /^ 



Nnftin + 7k - t^)r(n + 27^) 



2E 



n! 



^^ (»^ + 7k - w)r(n + 27k) 



-L(^)(x)iil-l)(x') 



2y ^ . 

^1 (n + 7k - u;)r{n + 2j^) 
^ Af„K(ri + 7K - t^)r(n + 27K + 1) 



n=0 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 24 



oc 

E 

n=0 



(n + 7^ - £ ^C + iV«K)(iVnK + ^)"' 7- (27.) /^U (27.) /^^^ 



2 



E 

oo 

E 

oc 

E 



(" + 7k - uj)T{n + 27k) 

n! 
("• + 7k - uj)T{n + 27k) 



,^ (n + 7K-£ 'C-^)(^-l)! .(27.). ^.(27.)/ /^ 

£t (n + 7K-c.)r(n + 27.) "^"-^ ^"^"^"-^ ^"^ 
4l^^)(x)4^^»)(x') 



i^^n^)4-\^'(x') 



(n + 7k — £ ^C + f^)n^- 
(n + 7k - tj)r(n + 27k + 1) 



L^»)(x)L^»)(x') 



2,7»2;'^»g-(2:+2:')/2 



E 



^ (" + 7k - uj)T{n + 27k) 



^ (n + 7K-S-^C-^+l)n! r(2..)(^)^(2..)(^,) 
£-Jn + 7K-c^ + l)r(n + 27K + l) " ^^ " ^ ^ 

4l^^)(x)L(^»)(.') 



+ E 



^ (n + 7k - uj)T{n + 27k) 



L^»)(x)4l^^)(x') 



E 



(n + 7k - £ -^C + '*)'^! 
(n + 7K-t^)r(n + 27K + l) 



i(^''»)(x)i^»)(x') 



_^^7.^'7.,-(-W)/2ly^ (n + 7K-e iC-« + i)n' 



-X '"x ' e 



-^ {n + "f,^ - LJ + l)r(n + 



, n=0 



^^^L(^)(x)L^»)(x') 
27k + 1) 



E 



^ (n + 7k - w)r(n + 27k) 



[42''»)(x)-L(^»-i)(x)]l^»)(x') 



E 



^ (" + 7k - uj)T{n + 27k) 



i^»)(x)k^^»)(x')-i(^-^)(.') 



- E 



n=0 



(" + 7k — £ "'"C + '«)'T-! 
(n. + 7k - ti^ 



-V^^^^^^^i(f7») (x)i(f 7.) (^') 
)r(n + 27K + l) " ^ ^ " ^ ^ 



__a;'^»a;''^»e~(^+^'^/^ 



y {n + ,.-e-K-n+l)n\ .(2..)(^)^(2..)(^,) 
£;,(" + 7k - ^ + l)r(n + 27k + 1) " ^ ^ " ^ ^ 



E 



t;; (" + 7k - t^)r(n + 27k) 



n=0 



E 



-;; (n + 7k - w)r(n + 27k) 



n=0 



n\ 



l^^{n + l.-^)T{n + 2-i,) 



E 



7,! 



^ (n + 7k - uj)T{n + 27k) 



i^»)(x)L^»)(x') 
i^-i)(x)L^»)(x') 
L^»)(x)L^»)(x') 
i^»)(x)4^^-i)(x') 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 25 






(n + 7k — e ^C — K + l)n 



+ E 



2 [^Jn + 7«-cj + l)r(n + 27, + l) 

n! 



L^»)(x)4^-»)(x') 



(" + 7k - uj)T{n + 27k) 



[i^-i)(x)L^»)(.') - L^»)(.)i^-i)(x') 



„^n(" + 7.--)r(n + 27. + l)'^" ^'^^'^" ^"^^ 



2 



E 



r^ (" + 7k - tj)r(n + 27k) 



n=0 



'^ (^ + 7K-^ + l-e-^C + a^-^)n! (,,^) (,,^) 
^^„ (n + 7K-c^ + l)r(n + 27K + l) " ^ ^ " ^ ^ 



^ (" + 7k - 0^ - S-^C + ^ + ^)r^! ^(.,.) (,) j^(27.) (,^) 



n=0 



(n + 7K-t^)r(n + 27K + l) 



2 |A.r(n + 27K + l) 



i(f''»)(x)L^»)(x') 



^ ^ {s-^C-^ + n)n\ ^427.)(,)427.)(,,) 

^Jn + 7K-c. + l)r(n + 27K + l) " ^^ " ^ ^ 



E' 



^ (" + 7k - t^)r(n + 27k) 



L^»-i)(x)L^»)(x') - L^»)(x)i^»-i)(.') 



^r(n + 27K + l) " ^^ " ^^ 



n=0 



+ E 



(e ^( — uj — K)n\ 



„r"g(n + 7K-^)r(n + 27K + l) 



L^»)(x)i(2''»)(x') 



2' 



il2;''«^'7«g-(a;+2;')/2 } (^-1 



{e-\-u: + n)J2 



(n + 7k - cj + l)r(n + 27k + 1) 



i(^)(x)4^-»)(x') 



E 



^ (n + 7k - w)r(n + 27k) 



(e ^C-^^-K 



E 



i(^)(x)L^~)(x')| 



(n + 7K-tj)r(n + 27K + l) 



2,7«2;'''«Q-(a;+2:')/2 



C 



VT~^ 



'^ E 



(n + 7k - w + l)r(n + 27k + 1) 



L(^)(x)L(^)(.') 



E 

n=0 



(" + 7k - t^)r(n + 27k) 



L^-i)(x)42^»)(x') - L^»)(.)i(2-'-i)(x') 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 26 



(vib - ^) I (....-c.)rU2...i) ^^-^(-)^^-^(--)^ 



(26) 



j(^'Hr,r';E)^ J2 ^^r„.(x)5„«(x') 



f-^riK, ^ 



oo 



a(|n|+27«,)|n| 



^Z^^ ^ ^ l"l+7.TA^.. 2iV„,(7V„, T «)r(|n| + 27.) 



2,7»2;''^»e^*^+^'^/^ 



l"l-i^ ^ |n|+27« 1"! ^ ^J [ l"l-i^ ^ |n|+27, l"l ^ \ 



r^'r,.j.''r^Q-{x+x')/2 



E 



n— — 00 



a£C(|n|+27^)|n|! |n| + 7^ + < ± ^»k 

2iV„«(iV„« T «)r(|n| + 27,) (|n| + 7« + eC)' - ^,L 






^7«2;''^«e^^'^+'^''/^ 



E 



n— — 00 



a£C(|n|+27«)|n|! |n| + 7^ + eC ± A^„«, 

2iV„«(7V„, T K)r(|n| + 27,) 2£C(|n| + 7k - ^) 



l"l-i^ ^ |n| + 27« l"l ^ ^J [ l"l-i^ ^ |n|+27« l"l ^ ^ 



(|n| + 7, + eC ± Nn^){\n\ + 2-f^)\n\\ 



4 ^ iV„«(7V„«TK)(|n|+7«-t^)r(|n| + 27«,) 



n— — 00 



' (2^„) (^ _ A^TiV». (2^.)(J r (2,.) ( ,^ ^TA^ (2^.)( ,^' 

l"|-i^ ^ |n| + 27«; l"l ^ ^J [ l"l-i^ ' \n\+2-f^ l"l ^ ^ 



4 



E 



n— — 00 



(|n| + 7«, + eC ± N„^){\n\ + 27^)|n|! (2^^) , (2',„), ,. 



Y^ (l»l+7>t+£C±^nK)(l"-| +27^)|n|! KT^«K r(27.)/ Nr(27»)/ /^ 

„^^^-(^-T«)(|n|+7.-^)r(|n|+27«)|n| + 27, l"l-i^^^ H ^^ ^ 



n— — 00 
00 

E 

n— — 00 
00 

E 

n— — 00 



(|»| +7>c + £C±^nK)(l'^l +27«,)|n|! KTiV«K L^^^^'' (x)L^^^^'> ( ') 



(|»|+7K + gC±^nK)(l^l+27K)|n|! /^TA^»^^ , (27.) f^, r (27^)^^/^ 
A^««(^„«: T K)(|n| + 7-. - w)r(|n| + 27^) V \n\ + 27« 



V|n|+27^y' l"l ^ M"l ^ ^ 



5^^7»T,'7»p-(a;+a:')/2 



-X "^a; "*e 



Y^ (l»l + 7k + gC ± A^««)(|n| + 27^)|n|! (2-y,) . (27J. m 



V- T(|ri| + 7k + eC ± Nn^)\n\\ (2-y,) / u(27.)/ /n 
,^_„^«K(|n|+7«-c^)r(|n| + 27«) l"l-i^^ l«l ^ ^ 



n— — 00 



y- T{\n\ +7^+£C± JV„k)|'^|! ^(27.)^^^ r(27j ^^/^ 



n— — 00 



^„K(H+7K-c.)r(H + 27«) H ^^^"^H-i^^^ 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 27 



E 



{\n\ +-f^+eC±Nn^){Nn^Tn)\n\\ /2'r,)f ^(27.). /x 



4 



(|n| + 7k + eC + Nn^,){\n\ + 2-/^)\n\l (2^,) .(27^). ,. 
^K(iV„«-«)(|r^|+7K-c^)^(|n|+27K) '"l-^^^ '"l-^^ ^ 

I + 7k + gC - Nn^){H + 27^)|n|! (27,) . (27J . ,x 
A^„K + «)(|n| + 7k - ^)r(|n| + 27^) '"l-^^^ '"l^i^ ^ 

n\ + ■j^ + e( + Nn^)\n\\ (27J . xr(27»)/ /x 



^, NrU\n\ + 7k - c.)r(|n| + 27^) l"l-i^ ^ l"l ^^ ' 
„£-^ A^«K(|n| + 7k - c.)r(|n| + 27k) ^I«I-i^"^^I"1 ^^ ^ 

V^ (|»|+7K+£C + A^»K)|n|! (27«) . X . (27«) . .X 

^, iV„.(|n| + 7k - ^)r(|n| + 27«)'^l"l ^^^^l"l-i^^ ^ 

V (l»l + 7k + eC - Nnn)\n\\ r(27.)/ ^(27.) / /N 

„^^A^«K(|n|+7K-c.)r(|n| + 27j l"l ^^ H-i^ ^ 



E 



\n\ + 7« + eC + iVnK)(^«K - ^)l"l' j^(27^)(^U (27J ,:^ 

- iV„«(|n|+7, -cj)r(|n|+27K + l) l"l ^^ l"l ^ ^ 

V- {\n\ +7K+£C-A^«K)(A^nK + /t)|n|! ^(27,), .^(27.). /x 
^_ 7V„,(|n|+7«- c^)r(|n|+ 27^ + 1) H ^' l"l ^ ^ 



n— — 00 



2,7»2,'7»g-(a;+2:')/2 



(n + 7, + eC + ^^»K)(?^ + 27k)»! j^(27.)(^)^(27.)(^^) 



V 

;^^ A^nK(iV«K - K)(n + 7«, - uj)T{n + 27«) 

, V (^ + 7k + gC - Nnn){n + 27^)n! (37^) (27J . ,x 

^^iV„«(iV„, + «)(n + 7K-c^)r(n + 27K) ""^ ^ ^ ""^ ^ ^ 

^ (n + 7k + eC + A^»K)n! (27.). ^W27.)/^^^ 
^^ iV„«(n + 7k - c.)r(n + 27k) ""^ ^"^^ " ^"^ ^ 

y (n + 7K+gC-A^»K)n! .(27 )(^)^(27.)(,.) 
£-^^„K(ri + 7K-^)r(n + 27«) ""^ ^ ^ " ^ ^ 

^^ NnK\n + 7k - w)r(n + 27«,) 

_ f^ (n + 7« + eC - Af„K)n! .(27.)/ ^(27.)/ /x 
^^ ^nK(r. + 7k - ^)r(n + 27.) " ^^ "-1 ^ ^ 

>^ (n + 7^ + eC + iVn«)(iV„^ - ^)^K i2^.)(^^Ti2^.)(r. 

^„ iV„«(n + 7, - c.)r(n + 27^ + 1) "^^ ^'^^'^" ^"^ ^ 

V" (» + 7k + gC - ^nK)(A^nK + K)n! (27J , X . (2'y^)(,. 

^, iV„«(n + 7K-c.)r(n + 27« + l) " ^^" ^^ 



ri=0 



4 



E 

.n=l 



(» + 7K + gC + ^«K)(iV«K + K)(n- 1)! (27J. xr(27»)/ /x 
7V„.(n + 7k - c.)r(n + 27.) ^^ ^""^ ^^ ^"^ > 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 28 



E 



Nn.{n + 7« - ^)nn + 27.) ""^ ^""^ ""^ ^"^ ^ 



2E 



n! 



^^ (j^ + 7k - t^)r(n + 27k) 



-4^''»'(^)4-'iH-') 



2V - 

^1 (n + 7. - t^)r(n + 27k) 

V (» + 7k + £C + A^»k)(A^»k-«)^! j (2^.) . ^ . (27.) ^^/^ 
^„ Nn.{n + 7k - c.)r(n + 27k + 1) " ^^ " ^ ' 



V (^ + 7K + £C-^nK)(A^«K + ^)n! (2^j , . (2^j . , 
^„ A^„K(n + 7k - ^)r(n + 27k + 1) " ^^ " ^ 



^2;''«2,'7~e-(a;+a;')/2 



E 



--;(" + 7k - ti;)r(n + 27k) 



(n + 7k + eC + «)(^ - 1)! ^(27.)/^^ ^(27.)/^/^ 
I + 7k - a;)r(n + 27 

4l^j)(x)L(^»)(.') 



_, (n + 7K--)r(n + 27K)^"-^ ^"^^-^ ^" ^ 



n=0 



+ E 



-:i (" + 7k - t^)r(n + 27k) 



i^»)(x)4-^^\x') 



n=0 



^ (« + 7k - t^)r(n + 27k + 1) 



^2;''„2,'7«e-(a;+2;')/2 



E 



E 



-r; (n + 7k - w)r(n + 27k) 



n=0 



n! 



S) (" + ^« " ^)^(" + 27k) 



(n + 7k + £C + K+ 1)'^-! 
(n + 7k - w + l)r(n + 27k + 1) 



4l^j)(x)L(^)(.') 
i^»)(x)4^:j'(x') 



42-»)(x)42-»)(x') 



E 



n=0 



(n + 7k + eC ^ K)n! 
(n + 7K-tj)r(n + 27K + l) 



i^»)(x)i^»)(x') 



l^ (" + 7k - tJ + l)r(n + 27k + 1) 



- E 

00 

+ E 

00 

- E 



n! 



(" + 7k - ^)r(n + 27k) 

n\ 
(" + 7k - t^)r(n + 27k) 

(»^ + 7k + eC ^ '*)'^! 



„^o (" + 7k - w)r(n + 27k + 1) 



[i^»)(.)-L(^-i)(a;)]L^»)(x') 
i^»)(x)[i^»)(x')-i^»-^)(:.') 
L^»)(.)i^»)(x')| 



^2;''~x'''~e~^^+^')/^ 



^ (n + 7K + sC+^+l)n! .(2..)(^)^(2..)(^,) 

;^o(n + 7K-c^ + l)r(n + 27K + l) " ^^ " ^ ^ 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 29 



E 



n! 



^ (« + 7k - ^)r(n + 27^) 



E 



n! 



-:i (" + 7k - tj)r(n + 27k) 



ra=0 



^ (« + 7k - ^)r(n + 27«) 



E 

oc 

E 

oc 

E 



i^»)(x)L^»)(x') 



i^-i)(.)4^-'»)(x') 



i^»)(x)4^^»)(x') 



-„ (n + 7k - o.)r(n + 27k ^^^''nx)i^''Hx') 



;, (n + 7k - tj)r(n + 27«) 



-x^^x'^~e-(-+-')/2 I J2 



(n + "/k + eC + K + l)n\ 



-:r, (" + 7k - ^ + l)r(n + 27^ + 1) 



, n=0 



-L(^)(x)L(^-^)(x') 



+ E 



„^ (" + 7k - t^)r(n + 27k) 

£^o(« + 7K-^)r(n + 27« + l) " ^ ^ " ^ ^ 



[i(2''»-i)(x)4^^»)(.') - L(2''»)(.)i(2''»-i)(.') 



— x'''"x''''"e" 



(x+.')/2 / V (" + 7k - ^ + 1 + eC + ^ + ^)^' r(2-,.). w(2^.). /x 

K- fn + ^. - c. + Drfn + 2^. + 1) "^^ ^"^^"^^ ^"^ > 



E 



00 



[i^-i)(x)L^»)(.') - L^»)(.)i^-i)(.') 



(" + 7k - t^)r(n + 27k) 
^„ (n + 7k - ^)r(n + 27. + 1) " ^^ " ^ ^ 



^^7.^'7.e-(x+.')/2 J ^ 



-r(n + 27« + l) 



L^»)(x)i^»)(x') 



, n=0 



E 



(eC + tj + K)n! 



^0 (n + 7k - ^ + l)r(n + 27^ + 1) 



-L^»)(x)L(^-»)(x') 



E 



^ (" + 7k - ti^)r(n + 27k) 



i^-i)(x)4^^»)(.') - L^»)(.)i^-i)(x') 



E 



r(n + 27« + l) 



L^»)(x)i^»)(x') 



V (£C + ^-^)»! i(27»)(^)i(27»)(^')l 

„4^„(" + 7K--)r(n + 27. + l)'^" ^"^'^" ^"7 



2,7«2,'7«e-(a:+2:')/2 



(eC + O) + k) ^ 



:-, (n + 7^ - cj + l)r(n + 27«, + 1) 



L^~)(x)i(2-'=)(x') 



n=0 



E 



n! 



^ (n + 7k - t^)r(n + 27«) 



L^-i)(x)L^»)(x') - L^»)(.)i^-i)(x') 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 30 



- '^< -' - "> S (,...,-.)ri„.2...i, ^'^''-'^g"'-'' 



2,7«2,'7«g-(a:+2:')/2 



C 



a/T 



« E 



-:;; (n + 7^ - tj + l)r(n + 2-f^ + 1) 



L^»)(x)L(^»)(x') 



n=0 



+ E 



(" + 7k - tj)r(n + 27k) 



C 



VT^72 



« E 






(n + 7K-tj)r(n + 27« + l)^ 



(27) 



OO - 

/^nK. J- 



V - 



ae(|n|+27«)|n|! 



I"l+V^- - 1 2A^„„(A^„, T '«)r(|n| + 27„) 



^7»2;'''''e~'^^+^'^/^ 



l"|-i^ ^ |n|+27« l"l ^ ^J [ l"l-i^ ^ |n| + 27« l"l ^ ^ 



x^^x'^^e ^ 



x+x')/2 y^ 



<(|n|+ 27^)1^1 



|n|+7«;-e iCtA^«« 



2iV„«(iV„« T «)r(|n| + 27,) (|n| + 7« - e-iC)^ - N^, 



l"|-i^ ^ |n|+27« l"l ^ ^J [ l"l-i^ ' |n| + 27« l"l ^ ^ 



2,7»2;'^»g-(2:+a:')/2 



E 



aC(l^l+27,)|n|! |n| + 7« - £"^C T iV»« 

2iV„«(iV„« T K)r(|n| + 27,) (-2)£-iC(|n| + 7« - w) 



l"l-i^ ^ |n|+27« l"l ^ ^ 



n| — 1^ ^ 1^1 I o_, Inl ^ ^ 



'T 



2,7«2,'7»g-(a:+a:')/2 



E 



n— — 00 



|n| + 27« l"l 
(|n| + 7, - g-^C T A^»K)(|n| + 27,)|n|! 
iV„«(iV„« T k)(|'^| + 7k - ^)r(|n| + 27«) 



l"l-i^ ' |n|+27« l"l ^ ^J [ l"l-i^ ^ |n| + 27« l"l ^ ' 



ili™7«^'7»p-(a;+2;')/2 



-X '"x ' e 



Y^ (I'^l+TK-g ^CT^nK)(|n| + 27,)|n|! (27J / ^(27^)/ f-^ 
^ iV„«(7V„,T«)(|n|+7K-^)r(|n|+27„) l"l-i^^ H-i^^ ^ 



.n— — 00 



E 



n— — 00 



(|»|+7K-g ^CTA^»K)(|n| + 27,)|n|! KT^nK ^(27j /2,\^(27«) /^/n 
iV„«(iV„,TK)(|n|+7«-w)r(|n|+27«)|n| + 27, l"l-i^^^ l"l ^"^ ^ 

\p (1^1 + 7k - g'^C T A^»K)(|n| + 27«,)|n|! k T ^«k i:(2^'^)fa:U<^^") {x'\ 
^_iV„«(iV„,TK)(|n|+7«-L^)r(|n|+27«)|n| + 27, l"l ^^ l"l-i^ ' 



n— — oo 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 31 



+ 



v^ (l»l+7«-g ^CTNnn){\n\ + 2"f^)\n\\ f nT N^n V (2^^) , w(27j. m 



4 



E 



i\n\+"fK-e ^CTN„^){\n\ + 2j^)\n\\ (27,), .(27^)/ ,. 



V^ T(|rt|+7>c-£ \TNn^)\n\\ .(27.) . x . (27.) . /x 
,^^ iV„«(|n| + 7« - c.)r(|n| + 2j^r\-\-^^''>''M ^"^ > 



E 

1——0C 
00 

E 



n— — 00 



T(|n|+7«~£ CTiVnK)|n|! r(27.)/ X r(27.) / /X 

iV„.(|n| + 7« - u;n\n\ + 27^) l"l ^"^^"^l-l-i^^ ^ 

i\n\ + 7k - g'^C T A^»«)(A^»« T «)l»|! ^(27.) f^j^i^^iJ ^ /n 
iV„,(|n|+7«-cj)r(|n| + 27« + l) l"l ^ ^ l"l ^ ' 



as 

-1 



2,7«2;'')'''e"'^'"+'^'^/^ 



E 



(|n|+7^~£ iC-^«k)(I'^I+27k)I'^|! r (27») / X r (27«) ^^/x 



',A^„.(iV„«-«)(|n|+7K-^)r(|n|+27.) I"l-i^^ l"l-i^ > 



\p VI»l+7K~g ^C + ^»K)(|n| + 27^)|n|! j^(27>.) /^wt^T.) /^/x 

^ {\n\+-i^-e-^C-N^^)\n\\ .(27.) . x .(27.). /x 
^^ iVn.dnl + 7k - c.)r(|n| + 27k) '"'-^^ ^ l"l ^ ^ 

V (l"l + 7k - e'^C + Nnn)\n\\ (27^) / u(27.)/ /x 



n— — 00 



iV„«(|n|+7«,-w)r(|n| 



y^ (|»|+7k-£ K-N,,^)\n\\ .(27.)/ u(27.) . /x 
^^Af«K(|n|+7K-c^)r(|n| + 27«) l«l ^^ l«l-i^ ^ 



E 



(|n|+7K-£ ^C + A^»k)|»|! ^(27.)/^^^(27.)^^/^ 



n— — 00 



_iV„,(|n|+7K-^)r(|n| + 27«) l"l ^ ^ l"l-i^ ^ 



n=Q 




{\n\ + 7k - £ ^C - iV«K)(iVnK " K)|n|! (27,) . x.(27»)/ n 
«(H+7K-c.)r(H + 27K + l) i"i ^^ i"i ^ ' 



V- (I?^I+7k -£ ^C + ^»K)(A^»K + K)|n|! (27,) s (27„)/ ,x 
±1. iV„«(H+7«-c.)r(H + 27« + l) "^H ^"^^"^H ^"^^ 



- ^a,7» 2,'7» Q-{x+x')/2 



^ (n + 7^-£ iC-^«K)(n + 27^)n! .(27.)/ ^(27.)/ /x 
^,A^„K(iV„«-«)(n + 7,-c.)r(n + 27«) ""^ ^ ^ "-1 ^ ^ 



V ('^ + 7k-£ H + Nn^)(n + 2-f^)nl (27^) (27^) . ,. 

^^iVnK(A^„K + /c)(n + 7K-co)r(n + 27«) ""^ ^ ^ ""^ ^ ^ 

,^ {n + -r^ - e-\ - N„,)nl (27^) (27J /^/n 

^^ ^„K(n + 7k - ^nn + 27k) ^^ ^^ " ^ ^ 

E ^^7i"'^"y:t\ ev(^)4--Hxo 

^^ ^riKiJ^ + 7k - tj)r(n + 27„) 
^^ Af„K(n + 7k - cj)r(n + 27^) 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 32 



V (" + '^"~^ ^C + Nn.)n\ r (27„) (^-^ T (27«) / /N 

^, Nn.{n + 7. - u:)nn + 27.) " ^^ ""^ ^ ^ 

>fi (n + 7,. - £''C - N^.){Nn. - «)»! W2-..). X W2-,.W /^ 
^0 A^««(^ + 7K-c^)r(n + 27K + l) " ^^ " ^^ 

f^ (» + 7K-£'^C + ^nK)(^nK+^)n! (2-,,). . (2-,,). ,^ 

+ ^, 7V„«(n + 7K-c.)r(n + 27K + l) " ^^ " ^ ' 



n=0 



ae 



2,7«2;''>'''e"(^+^')''^ 



E 



(n + 7«, - £ ^C - A^«K)(iV«K + K)(n - 1)! ^ (2-yj ^ Nr(27»)/ >■. 
NriKin + 7„ - cj)r(n + 27«,) 



E 

n=0 



(n + 7«-£ ^C + ^«k)(^»k -«)(»- 1)! ^(27.)/ w(27»)/ 'N 

7V„«(n + 7. - ^)r(n + 27.) -^ ^''^ -^ ^"^ ^ 



2E 



^1 (n + 7k - u')r(n + 27k) 






+ 



2y "^ 

^1 (n + 7« - ^)r(n + 27k) 

,^ (n + 7k - e-\ - N„,)iN„, - «)»! (2-,,). . .(2^,). ,^ 
^0 7V„K(n + 7K-c^)r(n + 27K + l) " ^^ " ^^ 

V (" + 7k - e'^C + ^nK)(^nK + ^)"' r (2-Y.) / N r (2-Y.) / M 

^, 7V„K(n + 7K-c^)r(n + 27K + l) " ^ ^ " ^ ^ 



2 



E 



(" + 7k - w)r(n + 27k) 



^, (n + 7K-c.)r(n + 27K) "^""^ ^"^"^""^ ^" ^ 
4l^j)(x)L(^»)(.') 



E 

00 



(" + 7k - uj)T{n + 27k) 



i^»)(x)4-^^'(.') 



+ E ..^"-^'^:w.'^,t:^"\. 4--n^)4--H^-) 



n=0 



(n + 7K-t^)r(n + 27K + l)' 



.£^2,7»2;'7»g-(a;+2;')/2 



E 



n! 



-:1 (" + 7k - w)r(n + 27k) 



n=0 



E 



^ (" + 7k - ti;)r(n + 27k) 



y (n + 7K-e-^C-^+l)n! 42..)(^)^(2..)(^.) 
;^o(n + 7K-c^ + l)r(n + 27K + l) " ^^ " ^ ^ 






+ f; ^ ^" + ^^~^;,'^,t!^"' ,,4'^-)(x)L^-)(xO 



„t"o (" + 7k - w)r(n + 27k + 1) 






2,7»2,'7»g-(a;+2:')/2 



E 



('T- + 7K-e ^C-K+1)"-! 



^„t^o(" + 7K-^ + l 



)r(n + 27K + l) " ^^ " ^^ 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 33 



E 



n! 



^ (« + 7k - ^)r(n + 27^) 



E 



n! 



^ (« + 7k - ^)r(n + 27^) 






v^ (" + 7k - £ ^C + K)n\ 



)r(n + 27« + l)'^" ^''^'^" ^""^ 



2 



^ n + 7k - tJ + 1 r n + 2tk + 1 



E 

00 

E 



n! 



(" + 7k - uj)T{n + 27^) 



(n + 7k - cj + l)r(n + 27«; + 1) 



-:! (n- + 7k - w)r(n + 27^) 



n=0 



E 



n! 



-:! (n + 7k - ti;)r(n + 27k) 



n=0 



+ E 



-:1 (" + 7k - uj)T{n + 27k) 



i(^-i)(.x)i(2-'»)(x') 



i^»)(x)L^»)(x') 



i^»)(x)4^^»-i)(x') 



n=0 



+ 



^ (« + 7k - t^)r(n + 27k + 1) 



2 1 ^^„ n + ^K-tJ + l r n + 2o'K + l " ^^ " ^ ^ 



+ E 



n! 



-:!(" + 7k - ti;)r(n + 27k) 



n=0 



(n + 7K-a; + l)r(n + 27K + l)^ 
[42''-i)(x)4^^»)(x') + L^»)(x)4^--i)(x') 



^„ n + 7k - w r n + 27k + 1 " ^ ^ " ^ ^ 






2,7K2;'T»e •■ 



+ E 



^ (" + 7k - uj)T{n + 27k) 



li^o (" + 7K-cc; + l)r(n + 27K + l) " ''" ^ ' 



E ^'" 'J^, t" '.'^'w7," : '7'^.^ "^"' 4^^-H^)4^^-^(^o 



n=0 



(n + 7k - a>)r(n + 27k + 1) 



_^^7»^'7»e-(-+-')/2 J y 



-- Tin + 27k 



,n=0 



-L^^)(x)L^~)(x') 



E 



(e -'-(^ — a; + K)n! 



^0 (n + 7k - ^ + l)r(n + 27k + 1) 



L^»)(x)4^-»)(x') 



E' 



^ (n + 7k - t^)r(n + 27k) 



42''-i)(x)L^»)(x') + L^»)(.)i^-i)(x') 



R. Szmytkowski: Addendum to "The Dirac- Coulomb Sturmians and the series expansion ..." 34 



E 



-r(n + 27« + l) 



L^»)(.)i^»)(x') 



n=0 






as 

Y 



^3.7»a.'7»e-(-+-')/2 J r^-i 



{e-\~co + K)J2 



(n + 7«-cj + l)r(n + 27« + l) 



i^»)(.)42''»)(x') 



E 



(" + 7k - uj)T{n + 27k) 



(e-^C + '^ + 27k - «) E 






(n + 7« - a))r(n + 27^ + 1) 



as 

Y 



2,7«2,'7«g-(a:+2:')/2 



C 



vr~? 



« E 



-^(n + -f^-LO + l)r(n + 27« + 1) 



L^»)(.)i^'=)(x') 



n=0 



E 



n! 



^ (" + 7k - ti;)r(n + 27k) 

C(l + 26) \f. 

27k - K 2^ 



\/r~~? 



L^»)(.)i^»)(x') 



ri=0 



(n + 7K-cj)r(n + 27K + l) 



(28) 



References 

[1] R. Szmytkowski J. Phys. B: At. Mol. Opt. Phys. 30 (1997) 825-61 [Erratum: 30 (1997) 2747] 
[2] R. Szmytkowski J. Phys. A: Math. Gen. 31 (1998) 4963-90 [Erratum: 31 (1998) 7415-6] 



